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Velocity and absorption coefficient of the plane sound waves in classical gases are obtained by
solving the Boltzmann kinetic equation. This is done within the linear response theory as a reac-
tion of the single-particle distribution function to a periodic external field. The nonperturbative
dispersion equation is derived in the relaxation time approximation and solved numerically. The
obtained theoretical results demonstrate an universal dependence of the sound velocity and scaled
absorption coefficient on variable ωτ , where ω is the sound frequency and τ−1 is the particle collision
frequency. In the region of ωτ ∼ 1 a transition from the frequent- to rare-collision regimes takes
place. The sound velocity increases sharply, and the scaled absorption coefficient has a maximum –
both theoretical findings are in agreement with the data.
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2I. INTRODUCTION: HYDRODYNAMICS AND KINETICS
Sound waves in classical gases were studied intensively within the hydrodynamical approach (see, e.g., Ref. [1]).
The sound velocity c0 in this approach is equal to
c0 =
(
cp kBT
cv m
)1/2
, (1)
where kB is the Boltzmann constant, T is the system temperature, m the particle mass, cp and cv are the specific heat
capacity at constant pressure and constant volume, respectively. The sound velocity (1) appears to be independent
of the sound wave frequency ω and approximately equals to the thermal particle velocity. For absorbed plane
sound waves (APSW) the wave amplitude decreases as exp(−γz) after propagating the distance z. The absorption
coefficient γ is usually evaluated from the Stokes relation [1],
γ =
ω2
2mnc30
[
4
3
η + ζ +
(
1
cv
− 1
cp
)
κ
]
, (2)
where n is the particle number density, η the shear viscosity, ζ the bulk viscosity, and κ is the thermal conductivity.
Within a hydrodynamic approach, the kinetic coefficients are phenomenological constants. For calculations of the
kinetic coefficients in Eq. (2), one needs the kinetic theory. The global equilibrium of a classical gas is described then
by the Maxwell distribution function of particle’s momentum p with p ≡ |p|:
fGE(p) =
n
(2pimkBT )
3/2
exp
(
− p
2
2mkBT
)
. (3)
In this equation, the particle number density n and temperature T are independent of the spacial coordinates r and
time t. The equilibrium in a classical gas is achieved by successive two-body collisions with the elastic cross-section
σ equal to pid2 for hard-sphere particles with a diameter d.
The average value of thermal velocity v can be calculated from Eq. (3) as (p ≡ mv and v ≡ |v|):
v =
∫
p2dp (p/m) fGE(p)∫
p2dp fGE(p)
=
(
8kBT
pim
)1/2
. (4)
The particle mean-free path can be found analytically as a function of σ and n [2, 3]:
l =
(√
2σ n
)
−1
. (5)
From Eqs. (4) and (5) one finds the collision frequency as
τ−1 ≡ v/l = 4σ n
√
kBT
pim
. (6)
In terms of the above quantities the shear viscosity η can be calculated as
η =
5pi
32
nm l v =
5
√
pi
16
√
mkBT
σ
. (7)
The numerical coefficient in Eq. (7) was found by Chapman and Enskog (see, e.g., Ref. [4]). The thermal conductivity
can be then found as
κ =
15
4
η , (8)
and the bulk viscosity for non-relativistic mono-atomic gases equals to zero, ζ = 0 (see, e.g., [5]).
The molecular kinetic scheme based on the above equations is self-consistent for dilute gases when the mean free
path l is much larger than the size of particles, l ≫ d. For this case, the excluded volume effects due to the particle
hard-core repulsion appear to be negligible, i.e., the gas pressure, P = nkBT , and specific heat capacity, cv = 3/2 and
cp = 5/2, are equal to their ideal gas values with high accuracy [6]. In what follows the thermodynamical relations
(4-6) are assumed to be valid, i.e., our consideration is restricted to the case of dilute classical gases. Equations
(7) and (8) are the leading terms of the perturbation expansion over small Knudsen parameter, K ≡ ωτ ≪ 1. This
corresponds to the so-called frequent collision regime (FCR).
Using the above equations, one finds for the FCR scaled absorption coefficient from the Stokes formula (2):
γ
β0
=
7
8
ωτ , (9)
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Figure 1. The speed of sound c/c0 (a) and the scaled absorption coefficient γ/β0 (b) as functions of ωτ at low frequencies.
The experimental data are taken from Refs. [9, 12]. Dashed lines present Eq. (1) in (a) and the Stokes formula (9) in (b).
where β0 ≡ ω/c0 is the wave number. As shown in Fig. 1, both c0 and γ/β0 given by Eqs. (1) and (9), respectively,
are supported by the data at small ωτ . In most practical cases, the inequality l ≪ λ, where λ ∼= 2pic0/ω is the
sound wavelength, is satisfied, and, thus, the FCR is valid. For example, for gases at normal conditions one gets
ωτ ∼ 10−8−10−5 for the audible frequency region. Calculating γ from Eq. (9), one finds γ−1 ∼ l(ωτ)−2 ∼ 105−108 cm
(c0 ∼ v), i.e., the audible APSW propagate 1 − 103 kilometers before its amplitude decreases by the factor of e−1.
The absorption of these waves is indeed rather weak. Note also that in the FCR all kinetic coefficients depend only
on the equilibrium gas quantities. For example, the shear viscosity (7) and thermal conductivity (8) are independent
of the sound frequency.
4Equations (1) and (9) are, however, in a contradiction with the existing data at ωτ ∼> 1; see critical comments,
e.g., in Refs. [3, 7, 8]. This is a transition region from the FCR to the rare-collision regime (RCR). The RCR
corresponds to large values of the Knudsen parameter, K ≡ ωτ ≫ 1. The conditions of the RCR emerge at a
small particle number density (or small pressure), where l increases as n−1 by Eq. (5), and for large sound-wave
frequency ω. The basic experiments for sound waves in classical gases at large values of ωτ (the so-called ultrasonic
waves) were done by Greenspan [9–11] and Meyer-Sessler [12]. Many works were devoted to a comparison of the
theoretical and experimental results for the sound velocity and absorption. One of the direction on the early study
of this problem was related to the accounting for high p-moments of Boltzmann kinetic equation (BKE) within the
method of moments, called the Bartnett [13] and super-Bartnett [14] models to obtain solutions for ωτ < 1, see also
Refs. [7, 8, 15–17]. An alternative kinetic approach is based on the well known Bhatnagar-Gross-Krook model [18]
and its generalisation by Gross and Jackson [19], see also Refs. [3, 8]. The main idea was to use the linearized BKE
with a relaxation τ approximation for the integral collision term and express exactly the solution of this equation
in terms of local dynamical variations of the particle number density, δn(r, t), the velocity field u and temperature
variations δT (r, t). Using the conditions to restore the conservation relationships (violated, generally speaking, by
the τ approximation, see also Refs. [20–22]), one can then approximately obtain the dispersion equation for the sound
velocity [21]. They suggested also to apply the boundary conditions on the walls of a conductor pipe for particle
gas motion. Such solutions were found [3, 8, 23–29] for the simplest case of the diffused boundary conditions on a
plane surface of the semi-infinite gas system. Usually, these boundary conditions for the distribution function are
considered by assuming mirror or diffuse reflections of particles from the boundary [30–32]. The linearisation of
the BKE for calculations of the sound velocity and absorption in the solutions in terms of the plane wave can be
grounded for the case of a small influence of boundary conditions of the sound propagation for a size of the conductor
pipe much larger than the wavelength; see, e.g., Ref. [33] for such numerical BKE solutions for the sound velocity
and absorption without using the boundary condistions. As shown in Ref. [34] for the kinetic equation with mirror
boundary conditions taking them at the plane surfaces of a slab and in Ref. [35] for the monopole vibrations with
diffuse boundary conditions at the spherical surface, the sound solutions are, in fact, rather different from a plane
wave because they depend very much on the type of the boundary conditions and choice of the boundary geometry
itself.
Both the FCR and RCR for the sound velocity and absorption analytically in terms of a simple plane wave without
using different boundary conditions and, therefore, independent of their specific properties have been studied within
the linearized Boltzmann kinetic equation (BKE) in our recent paper [36]. The approximate expansions for small
and large values of K were obtained analytically by using the τ approximation for the integral collision term with a
constant τ , that is independent of the particle velocity. The dispersion equation for the sound velocity and absorption
was derived approximately analytically within the linear response theory [37] following the ideas of the BGK model
[18]. By solving this dispersion equation numerically for any value of K, one obtained the sound velocity and
absorption for a transition from the FCR to the RCR. In the present paper, our theoretical approach is worked out
and compared carefully with the available data.
II. BOLTZMANN KINETIC APPROACH
We consider the BKE for the single-particle distribution function f(r,p, t) of the coordinate r, momentum p and
time t (see e.g., Ref. [5]), with the external potential Vext(z, t) (more details can be found in Ref. [37]),
Vext(z, t) = exp (− i ω t)
∫
∞
−∞
dk
2pi
Vk exp (ikz) , (10)
where Vk is the Fourier amplitudes
1. The linearized BKE takes the form:
∂δf
∂t
+
pz
m
∂δf
∂z
− δSt[f ] = ∂fGE
∂pz
∂Vext
∂z
, (11)
where δf(r,p, t) ≡ f(r,p, t) − fGE(p), and the collision term δSt[f ] is taken in the standard Boltzmann form (see,
e.g., Ref. [3]).
A small periodic external field (10) induces the corresponding deviations
δf(z,p, t) = exp(−iωt)
∫
∞
−∞
dk
2pi
fk exp (i kz) (12)
1 As usual, the complex number representation is used for convenience, but only the real parts of f and Vext will be taken as physical
quantities.
5with small Fourier amplitudes fk ∝ Vk (see, e.g., [22, 38, 39]). Equation (11) is assumed to be valid at |δf |/fGE ≪ 1
in the APSW form with the frequency ω propagated along the z axis. For the integral collision term δSt we use the
τ relaxation-time approximation in the form [37]:
δSt[f ] ∼= − 1
τ
(δf − δfLE) ≡ − 1
τ
δϕ , (13)
where τ−1 is constant given by Eq. (6), and the local equilibrium part of δf is related to the well known Maxwellian
function,
δfLE = fGE
[
δn
n
+ pz
δuz
kBT
+
(
p2
2mkBT
− 3
2
)
δT
T
]
. (14)
In Eq. (13), δϕ ≡ δf −δfLE appears as the additional component responsible for a sound absorption in a gas through
the integral collision term δSt[f ] (13). Note that one has St[fLE] = 0 at the local equilibrium distribution function
fLE for any parameters δn, δT , and δuz [3, 40]. Thus, just the δϕ term is responsible for all dissipative effects in a
gas. In Eq. (14), the variations δn, δT , and δuz are small deviations of the particle number density, temperature,
and collective velocity, |δn|/n ≪ 1, |δT |/T ≪ 1, and |δuz|/v ≪ 1, from their GE values n, T , and uz = 0. The
conservation of particle number, momentum, and energy impose the following requirements [21, 37]:∫
dp δϕ = 0 ,
∫
dp pz δϕ = 0 , (15)∫
dp p2 δϕ = 0 . (16)
In what follows, for simplicity, we put δT = 0 in Eq. (14), i.e., the effects of thermal conductivity will be neglected.
For constant temperature T , only Eq. (15) should be considered. Equation (16) for the energy conservation is then
identically satisfied.
The solution of the linearized BKE (11) is found from Eq. (12) by calculating the k-integral by the residue method
in the following APSW form:
δf(z,p, t) ∝ exp (−iωt+ ik0z) , (17)
where the poles in the complex k plane are connected with the speed of sound c and absorption coefficient γ, e.g., as
k0 =
ω
c
+ iγ . (18)
The position of poles k0 are obtained from the following dispersion relation [37],
D(w,K) ≡
[
i w
ξK (1 +Q1)− 1
](
3i
w
K ξ Q1 − 1
)
+
8
pi
(
wQ1
K
)2
= 0 , (19)
where w ≡ ω/k0vT = wr+ iwi with vT ≡ (2kBT/m)1/2, and Q1(ξ) ≡ (ξ/2)ln[(ξ+1)/(ξ−1)]−1 with ξ ≡ w(1+ i/K).
In the analytical derivation of this dispersion equation we used approximately p ≈ pT = mvT by the properties of
the Maxwellian distribution (3) calculating angle integrals over the momentum p, that simplifies this equation, in
contrast to the derivations in Ref. [21]. The absolute values of the sound-wave number β = ω/wr and the scaled
absorption coefficient γ/β are given by
β =
ω
vT
|wr|
w2r + w
2
i
,
γ
β
=
∣∣∣wi
wr
∣∣∣ . (20)
Thus, one obtains the wave number β > 0 and the absorption coefficient γ > 0 for sound waves spreading in the
positive z-axis direction for z > 0. Similarly, one finds the contributions of other poles [37].
Taking the asymptotic expansion of D(w,K) [Eq. (19)] in a power series over K, within the FCR where K ≪ 1,
for the isothermal sound velocity c in units of the adiabatic sound velocity c0 [Eq. (1)], one finds
c
c0
∼= 4√
15pi
+ a2(ωτ)
2 +O
[
(ωτ)4
]
, (21)
γ
β0
∼= (21pi − 40)
√
15pi
160
ωτ +O
[
(ωτ)3
]
, (22)
where a2
∼= 0.67 (β0 = ω/c0). In the RCR, K ≫ 1, one obtains from the asymptotic expansion of Eq. (19) over 1/ωτ
c
c0
∼=
[
1 − 1
(ωτ)2
] √
6
5
+O
[
(ωτ)−4
]
, (23)
γ
β0
∼=
√
5
6
1
ωτ
+O
[
(ωτ)−4
]
. (24)
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Figure 2. Sound velocity c (a) in the units of c0 (1) and the scaled absorption coefficients γ/β0 (b) as functions of ωτ . Solid
black lines show the nonperturbative solutions to the dispersion equation (19). Dash-dotted line in (a) is the relative sound
velocity (c/c0)(15pi)
1/2/4. Dashed line in (b) presents the Stokes equation (9) calculated in the FCR.
III. COMPARISON WITH DATA
In this section we present a comparison of the obtained theoretical results with the available data [9, 12] on the
speed and absorption coefficient of APSWs. These data were originally presented in terms of the dimensionless
7variable [9, 10, 12]
r =
2fc
5pi f
≡ 4fc
5ω
, (25)
where fc = v/l, which coincides with τ
−1 given by Eq. (6). We prefer to use the quantity ωτ ≡ 0.8r−1. Thus,
in contrast with the original presentation, the frequency ω in our figures is increasing from left to right along the
abscissa axis.
The fundamental experimental observation consists in the following. All mono-atomic gases with different values
of a mass m and diameter d (cross-section σ = pid2), and of a density n and temperature T , i.e., different equilibrium
states of the gas, lead to the same universal behavior of the speed of sound and scaled absorption coefficient presented
in terms of the dimensionless quantity ωτ . The data at different m, σ, T , and n values can be shown at the same
figure, but with τ = τ(m,σ, n, T ) calculated by Eq. (6). One should only remember that the same value of ωτ
may correspond to different ω and τ = τ(m,σ, n, T ) values. Our description is in complete agreement with this
experimentally observed scaling. Note that in Ref. [9] the pressure P was changed from 1 atm to 10−2 − 10−3 atm.
In addition to Ar and Ne atoms presented in Figs. 1 and 2, the measurements were also done for He, Kr, and Xe.
Figure 2 shows the sound velocity c/c0 (a) and scaled absorption coefficient γ/β0 (b) as functions of the Knudsen
parameter ωτ . The results presented by solid lines are obtained numerically by solving the dispersion equation (19).
In the both limits ωτ ≪ 1 and ωτ ≫ 1, our numerical results converge [37] to the asymptotic results of the FCR and
RCR, respectively. These limiting behaviors correspond to Eqs. (22) and (24) at leading (quadratic) orders.
As seen from Fig. 2 (a), c/c0 increases in a transition region from the FCR to the RCR where ωτ ∼ 1. This
theoretical result is in a qualitative agreement with the data. Figure 2 (a) shows however the numerical discrepancies
for the absolute values of c/c0. Their main reason is a well-known difference between isothermal and adiabatic limits
of the sound velocity [1]. Comparison with the experimental results is improved for a relative sound dispersion [17],
(c/c0)(15pi)
1/2/4, i.e., for the ωτ -dependent deflection of the sound velocity c from its FCR limit, see the dash-dotted
line in Fig. 2 (a).
Figure 2 (b) shows the scaled absorption coefficient γ/β0 [Eq. (20)]. The absorption coefficient γ/β0 as a function
of the Knudsen parameter demonstrates a maximum at ωτ ∼ 1 in the transition from the FCR to the RCR. This
behavior is also in qualitative agreement [see Fig. 2 (b)] with the experimental data [9, 12]. For even larger ωτ ,
one finds a significant difference from the results of Ref. [12]. The “kink” point in the dependence of the scaled
absorption coefficient γ/β and of the sound velocity wr on the Knudsen parameter K is found numerically on right
of the maximum at ωτ ≈ 4.47, where their derivatives with respect to ωτ are sharply changed. This is obtained in
the numerical calculations which are carefully checked within two different numerical schemes. It is interesting to
note that the branch point (b.p.) of the Legendre function Q1(ξ) of second kind (zero of its logaritmic presentation)
in the dispersion equation (19) is determined by ξ = 1, that means for the sound velocity wb.p. = K/(K + i). This
corresponds to the scaled absorption γ/β at the branch point (γ/β)b.p. = 1/K. However, we did not find analytically
the Knudsen parameter K at the branch point. There are two length scales in the problem: the mean free path of
particles in a gas, l = vT τ , and the sound wavelength, λ = wrvT 2pi/ω. The “kink” corresponds to the ωτ point
where these two different scales become approximately equal, l ≈ λ. It takes place in the nonperturbative region
of ωτ values. Nevertheless, the branch point wb.p.(K) as function of K coincides with the asymptotic RCR solution
wRCR = K/(K + i) found in Ref. [37] for large K and, thus, one obtains approximately γ/β = 1/K starting from
this “kink” point. Such a presence of the “kink” point resembles a situation similar to phase transitions in statistical
mechanics. An origin of the “kink” remains the open problem that deserves further studies.
Note that in the RCR, ωτ ≫ 1, one finds γ−1 ∼ l from Eq. (24), i.e., the propagating length of the plane sound
waves is of the order of a mean-free path in a gas. The quantity l [Eq. (5)] remains rather small even for dilute gases.
In a gas at the normal conditions, the mean-free path is estimated as l ∼ 10−5 cm. Even at much small pressures,
e.g., P ∼ 10−3 atm, the propagating length γ−1 ∼ l ∼ 10−2 cm remains in fact rather small at ωτ ≫ 1 . On the
other hand, the Stokes formula (2) was obtained from the transport equation for the entropy density [1] under the
assumption of a weak absorption, γλ/(2pi) ≪ 1. In the RCR this estimate is still valid as λ ≪ 2pil. Therefore,
one may expect a validity of Eq. (2) in the RCR, too. This requires, however, a strong modification of the kinetic
coefficients which become also dependent on the sound frequency ω (see Ref. [36]).
IV. SUMMARY
The kinetic approach based on the linear response theory for the BKE is developed to calculate the velocity and
absorption coefficient for the plane sound waves. Our solution is based on the relaxation time approximation for the
Boltzmann collision integral term in the classical dilute gases.
Nonperturbative numerical solutions are found for the sound velocity and absorption coefficient as functions of the
Knudsen parameter ωτ . It agrees with the asymptotic expansions in both FCR and RCR approximations. Our results
are in agreement with experimentally observed scaling which means a dependence of both sound wave quantities –
velocity c/c0 and absorption coefficient γ/β0 – from a single dimensional parameter ωτ . Qualitative changes of the
8sound velocity and scaled absorption coefficient in the transition region ωτ ∼ 1 are observed: The sound velocity c/c0
strongly increases while the absorption coefficient γ/β0 has a maximum at ωτ ≈ 1. Both these theoretical results
are in agreement with the data.
Our theoretical description is not complete. The presented BKE calculations should be extended to account for
the thermal conductivity effects. In the RCR, the experimental values of γ/β0 seem to be essentially larger than our
estimate ∼ (ωτ)−1 (24) at ωτ ≫ 1. This can be a signal of a presence of additional physical mechanisms for the
sound-wave suppression, that were not included in the present formulation.
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